In this paper we consider the geometry of Hamiltonian ows on the cotangent bundle of coadjoint orbits of compact Lie groups and on symmetric spaces. A key idea here is the use of the normal metric to de ne the kinetic energy. This leads to Hamiltonian ows of the double bracket type. We analyze the integrability of geodesic ows according to the method of Thimm. We obtain via the double bracket formalism a quite explicit form of the relevant commuting ows and a correspondingly transparent proof of involutivity. We demonstrate for example integrability of the geodesic ow on the real and complex Grassmannians. We also consider right invariant systems and the generalized rigid body equations in this setting.
Introduction
In this paper we consider the geometry of Hamiltonian ows, and, in particular, geodesic ows, on the cotangent bundle of coadjoint orbits of compact Lie groups and on symmetric spaces. The key idea here is to study Hamiltonians formed from the normal metric on orbits of the group action. This yields Hamiltonian ows in a symmetrical coupled double (or double double) bracket form (the bracket being the Lie algebra bracket). In contrast to the work of Bloch, Flaschka and Ratiu 1990] and Bloch, Brockett and Ratiu 1992] for example, where the double bracket ow is a gradient ow and coincides in certain cases with the restriction of a Hamiltonian ow to a submanifold, here the equations are Hamiltonian with no restriction involved. This double bracket form turns out to be particularly useful for analyzing integrabilty according to the method of Thimm 1983] and as formalized by Sternberg 1983, 1984] . One gets a quite explicit form for the relevant commuting ows and a particularly transparent proof of involutivity. We demonstrate for example integrability of the geodesic ow on the real and complex Grassmannians. Extending the analysis to right invariant metrics, we also show the full (unreduced) generalized rigid body equations on SO(n) may also be written in a dynamically symmetric form. Further, we show that this gives a method of deducing the canonical symplectic form on T SO(n) from the symplectic form on the cotangent bundle of a coadjoint orbit. We remark also that this formalism turns out to be useful in optimal control problems and indeed these ideas were originally inspired by the work in Brockett 1994] . We discuss the optimal control aspects in related work, Bloch and Crouch 1995] , and in forthcoming work on higher order variational problems (with Leite).
The structure of the paper is as follows: in section 2 we consider the symplectic structure on the cotangent bundles of coadjoint orbits and derive the geodesic ow equations with kinetic energy given by the normal metric, in section 3 we extend the analysis to Grassmannians, in section 4 we consider the generalized rigid body problem, and in section 5 we consider integrability according to the method of Thimm.
Geodesic Flows
In this section we shall derive an explicit formula for the geodesic ow on an orbit of a compact Lie group. We begin however by considering the ow with respect to a particular Hamiltonian on a linear space, the cotangent bundle of the corresponding compact Lie algebra.
Let g be a complex semisimple Lie algebra, g u its compact real form, and G u the corresponding compact group. Let g n be its normal real form.
Let jj jj =< ; > 1=2 be the norm induced on g u by the negative of the Killing form ( ; ) on g and let V be a smooth function on g u .
We have Equating these expressions gives the result.
Observe that for V = 0 the equations 2.2 are remarkably symmetric. Their symmetry with respect to x and p may in fact be expressed as follows: the equations (and the Hamiltonian) are invariant under the canonical transformation to new variables X i and P i where X i = p i and P i = ?x i . This transformation is generated by the generating function S = P x k X k (see, for example, Goldstein 1980] or Abraham and Marsden 1978] .) The high degree of symmetry of these equations is of course reected in the geometric and integrability properties of the equations discussed below. (See also Howe 1984] for a discussion of symmetrical systems.)
We now consider ows of the above type on the cotangent bundle of an orbit. We have Proof. Note that the symplectic structure here is on the cotangent bundle of the orbit, in contrast to the orbit form which is de ned on the orbit itself (see e.g. Abraham and Marsden 1978] or Arnold 1978] ).
We recall that for any manifold M the canonical symplectic form on T M is de ned as follows (see e.g. Arnold 1978] or Abraham and Marsden 1978] are the Hamiltonian form of the geodesic equations on an adjoint orbit of g u . The structure of the proof is as follows: rst we consider the structure of the Hamiltonian and then we derive the explicit form of the Hamiltonian ow using the lemma above.
For V = 0 in 2.1 we shall show that the Hamiltonian is just the norm of the velocity in the so-called normal metric (see e.g. Bloch, Brockett and Ratiu 1992] ). This metric is de ned as follows: Let x and l lie in g u . Then x may be decomposed as x = x l + x l where x l 2 Ker(ad l ) and x l 2 Im(ad l ) and where ad x (y) = x; y]. Further, given any l 2 g u we may decompose g u orthogonally relative to ? (; ) as g l u g ul where g l u = Im(ad l ) and g ul = Ker(ad l ). Now if = x; a] and = x; b] are tangent vectors to the orbit at x then the normal metric is given by g n ( ; ) = ? (a x ; b x ). Now any velocity vector is tangent to the orbit of the adjoint action and hence is of the form _ x = x; a] for some x 2 g u . Hence _ x 2 Im(ad l ). The inverse of operator ad x , we will denote by ad ?1 x , is well de ned on Im(ad x ) and hence on _ Substituting this expression for p into 2.8 gives the required expression for the kinetic energy.
It remains to show that while these equation are Hamiltonian with respect to the standard symplectic structure on T g u , they are in fact Hamiltonian on the cotangent bundle of an adjoint orbit of G u . That is, even though the Hamiltonian structure on the orbit is complicated and is not the restriction of the structure on the Lie algebra, the equations themselves do restrict.
We remark that the equations 2.7 may be viewed intrinsically as equations evolving in a Lie bialgebra { see e.g. Lu and Weinstein 1990] . We shall discuss this and related ideas further in a forthcoming publication. Proof. In this case we have, using the same notation as in the previous theorem, df( ): X = < f 0 ( ); X > = < f 0 ( ); X > :
Computing as in the previous theorem we obtain 
Flows on Symmetric Spaces
The equations discussed above are not only well de ned on adjoint orbits but also on general symmetric spaces where the tangent vectors to the space are given in the form a suitable bracket { this includes the complex and real Grassmannians of q-planes in n + 1-space G q;n+1 (C ) or G q;n+1 (R) and in particular the spheres.
This may be seen as follows:
The complex Grassmannian is given by
and the real Grassmannian by
where U(n) is the unitary group and SO(n) the special orthogonal group. In either case let g = k m be the Lie algebra decomposition corresponding to G=K. We may thus represent a point in the complex (real) Grassmannian by a matrix
in m where Q is a complex (real) p q matrix of full rank and Q is its Hermitian conjugate (transpose). A point in k may be represented by the matrix
where K 1 2 u(p)(so(p)) and K 2 2 u(q)(so(q) Note that the given curve simply provides an orthogonal (or unitary) transformation of the rows and columns of Q.
Di erentiating at t = 0 gives the result. Now since tangent vectors are given by brackets, just as in the case of orbits, a normal metric may be de ned. Repeating the proof of Theorem 2.2 gives The proof is a computation. We also have Corollary 3.4 The equations 3.6 are Hamiltonian on T su(n+1) (T so(n+1)) and on T G q;n+1 (C ) (T G q;n+1 (R)) with respect to the standard cotangent bundle symplectic form in each case and with Hamiltonian H = 1 4 < P ;Q]; J ?1 P ;Q] > : (3.7)
As an example in the current setting we write explicitly the geodesic ow on the sphere S n .
Recall (see e.g. Moser 1980] ) that the geodesic motion on S n may be written as follows:
Let q = q 1 ; ; q n+1 ] T 2 R n+1 with Euclidean norm jjqjj = 1 represent an element of S n . Then the geodesic ow can be found by setting q = q where is chosen so that jjqjj is compatible with the ow. This implies < q; _ q >= 0 and < q; q > +jj _ qjj 2 = 0. : (3.10)
Then the ow 3.5 restricts to the geodesic ow 3.8.
Proof. The proof is essentially a computation. Computing the brackets gives
It is easy to check that the time derivatives of q T q and q T p are conserved along the ow. Normalizing jjqjj = 1 and < q; p >= 0 we indeed remain on the sphere.
Note that in this case 3.7 gives H = 1 2 (< p; p >< q; q > ? < q; p > 2 >) : (3.12) This gives rise to the equation 3.11 via the standard symplectic structure on R 2n+2 and restricts to the geodesic ow on the sphere when we impose the constraints jjqjj = 1 and < q; p >= 0.
The Rigid Body Equations
We show here how the generalized rigid body equations, another well known integrable system, may be written in double double bracket form. We recall the rigid body equations on SO(n) (or generally on any compact Lie group { see e.g. Abraham and Marsden 1978] , Ratiu 1980] ) may be written as
where Q 2 SO(n) denotes the con guration space variables, 2 so(n) is the angular velocity, and M = J = + is the angular momentum. Here J is a symmetric positive de nite operator de ned by the diagonal positive de nite matrix . We remark that the rigid body equations here are written in right-invariant as opposed to the commonly used left-invariant form in order to be consistent with the conventions used in the remainder of the paper. This results in a sign change in the second of equations 4.1. The classical rigid body equations 4.1 are of course Hamiltonian on T SO(n) with respect to the canonical symplectic structure.
We now consider the following equations:
where = J ?1 M and M = P Q T ? QP T where Q and P are in SO(n).
We then can easily check that For so(n) however sinh is many to one, so the two representations are not entirely equivalent. Note that the generalized rigid body ow naturally reduces to a ow in the variables M on an adjoint orbit of so(n) and we can view the map which takes P Q T ? QP T to M as reduction. In fact, the map (Q; P ) ! (Q; M) given above is a canonical transformation from the symplectic structure on T gl(n) to that on T SO(n) which intertwines the Hamiltonian equations 4.2 on T gl(n) with the Hamiltonian equations 4.1 on T SO(n).
While the classical rigid body equations 4.1 are Hamiltonian on T SO(n) with respect to the canonical symplectic structure on the group in contrast here we have Proposition 4.2 The generalized rigid body equations in the form 4.2 are Hamiltonian on T gl(n) with respect to the canonical symplectic structure and the Hamiltonian H = 1=4 < J ?1 (P Q T ? QP T ); P Q T ? QP T > : (4.4)
We remark that here P and Q are natural coordinates for T gl(n) and, for P (0); Q(0) 2 SO(n), P (t) and Q(t) evolve in SO(n) under the ow of H. Hence SO(n) SO(n) is an invariant manifold for the ow of H. Note also that this Hamiltonian is equivalent to H = 1=4 < J ?1 M; M > as in Ratiu 1980] . However, the canonical symplectic structure for the rigid body may in fact be recovered as a special case of our symplectic form 2.3 as we shall show below.
We rst make the following observation: the rigid body equations may be given as a singular case of the double double bracket equations discussed earlier. Then the canonical symplectic form on T SO(n) T SO(n) is given by !(X 1 ; X 2 ) with ! de ned by 2.3. 
Proof. From 2.3 we have in this case
This is precisely the canonical form on T SO(n) (see e.g. Abraham and Marsden 1978] ).
Note that the reduced generalized rigid body equations (the dynamics, or second of equations 4.1 are completely integrable (see e.g. Ratiu 1980 ] and references therein). In fact the full system is integrable in the sense that the reduced phase space is a point, see Abraham and Marsden 1978] , and hence also in the sense of commutative integrability discussed in the next section (see Mischenko and Fomenko 1978] ). The full phase space is M = T SO(n), on which we have a natural action of the group G = SO(n). The reduced phase space corresponding to this is M = J ?1 ( )=G where J here is the momentum map corresponding to the action of G on M and G is the stabilizer of the coadjoint action of G on its Lie algeba. M has dimension dimM ? dimG ? dimG and is symplectic. On M the system is then Liouville or commutatively completely integrable.
Integrability of the Geodesic Flow on Grassmannians
To prove (commutative) complete integrability of a Hamiltonian system on a symplectic manifold of dimension 2n one needs of course to show that there are n independent integrals in involution on the manifold. Thimm 1981] showed there were su ciently many independent integrals in involution for the geodesic ows on the real and complex Grassmannians to be integrable. In fact one can make a very general argument regarding integrability as follows: see Guillemin and Sternberg 1983,84] (5.1) with corresponding Lie Groups G i . Each subgroup G i acts via a Hamiltonian action on coadjoint orbits of G i 1 in g i (equipped with the orbit symplectic structure). The chain G i is said to be multiplicity free if all such actions are multiplicity-free. For compact groups this forces the G i to be locally isomorphic to the special orthogonal or unitary groups, tori or products of these. If one has such a chain and a multiplicity free action on M then any G-invariant Hamiltonian system on N is integrable.
Particular cases to which this applies are the real and complex Grassmannians. Here we construct an explicit proof of integrability via the formalism developed above.
We remark that the terminology arises from the representation theory of Lie groups. If G is a Lie group, then a unitary representation of G on a Hilbert space H is called multiplicity free if every representation of G acts on H with multiplicty zero or one. This is the case if and only if the ring of bounded G-invariant functions on H is commutative.
Guillemin and Sternberg were led to the symplectic analogue of the representation theoretic ideas by studying so called collective comlpetely integrable systems, i.e. systems where the integrals are of the form f where : M ! g is the moment mapping and f is a function on g . They noticed that a necessary condition for M to be admit such system is that action of G on M be multilplicity free. Our integrals are also of this type (see below).
We need rst some preliminary results: Let k denote the projection of an element of g onto an element of g k , as de ned above. We consider the following sequence of integrals:
where f 2 C 1 is an invariant polynomial on g i .
We note that such integrals are also in fact functions of the momentum map arising from the lifted action of the algebra on the underlying manifold M (orbit or symmetric space) to the cotangent bundle.
For, let M denote the in nitesimal vector eld corresponding to the action of e t on the manfold via conjugation. This is given by M = x; ]. Then the momentum map of the lifted action is given by (see e.g. Marsden and Ratiu 1994 Proof. This follows by elementary matrix computation. Proof of Proposition. Let = ( x; p) denote an arbitrary tangent vector to T g and denote the Hamiltonian vector eld corresponding to f by X f = ( x ; p ). But k (f 0 ( k p; x])) = f 0 ( k p; x]). Hence the result. Now consider the real Grassmannian G q;n+1 (R) viewed as before as the symmetric space G q;n+1 (R) = SO(n + 1)=SO(q) SO(p) q + p = n + 1 ; q p: (5.6) In this case we can write down the integrals quite explicitly. There are of course pq integrals required. We take a somewhat di erent approach from Thimm.
As we did in section 3 we represent elements of G q;n+1 (R) by 2 by 2 block matrices in so(n+1) with zero diagonal blocks and nonzero o diagonal blocks, the upper right hand block being p by q. We denote the matrices p and x in this case byP andQ as before. Then the geodesic ow is given as before by the double bracket equations 3.5. Now we consider the following sequence of projections: k U ; 0 k p and k L ; 0 k q are the projections which eliminate the rst k rows and columns of a matrix, and the rows and columns q + 1; ; q + k of a matrix, respectively. . This proves involution on the cotangent bundle of the algebra. However since the cotangent bundles of the Grassmannians are reduced submanifolds of the algebra and the integrals are invariants we obtain immediately involution on the Grassmannians.
To prove independence we need to nd pq independent integrals. One method of seeing we have a su cient number of integrals is to follow the sequence of projections onto to the descending chain of algebras so(n+1) so(n) so (2) as discussed at the beginning of this section. In our setting this is implemented by projecting from upper left to lower right of the matrix P ;Q] by a combination of upper and lower projections.
We then make the following observations: Independent integrals will come from invariant polynomials on the Lie algebra of so(n + 1), then from those on so(n) and so on. The number of independent invariant polynomials on so(k) is equal to the dimension of the center of the enveloping algebra of so(k). For so(k) the dimension of the center is the integer part of k=2. Restricted to the symmetric space G q;n+1 (R), this gives a maximum of q, the rank of the symmetric space, independent functions at any point. We obtain q such independent functions until we project to so(2q ? 1) and below, in which case we obtain a maximal number of independent functions for so(k).
This gives us a total of q(p?q +1)+(q ?1)+(q?1)+(q?2)+(q?2) +1+1 = q(p ? q + 1) + 2(q ? 1) + 2(q ? 2) + 2 = pq integrals.
Note also that we are entitled to apply this argument to the functions arising from the bracket p; x] since for so(n) the derived algebra is equal to the algebra itself.
This proves complete integrability. Example: For so(10) the dimensions of the centers of the enveloping algebra and its projections are: 5 4 4 3 3 2 2 1 1. For G 3;10 (R) the corresponding count of independent invariant polynomials is: 3 3 3 3 3 2 2 1 1. This gives us 21 functions as required.
We may also argue as follows: Consider the two by two block structure of the matrices and recall that q p. We consider the projections k U until k = q, leaving us with a square 2q by 2q matrix. Taking the invariant polynomials at each stage we obtain q independent rst integrals.
Continuing with the upper projections we now get q ? 1 rst integrals and then q ? 2 and so on. But by introducing now the lower projections at each stage we can double this.
Thus again we get a total of q(p ? q + 1) + 2(q ? 1) + 2(q ? 2) + 1 + 1 = pq integrals.
A similar argument works for the complex Grassmannian { one obtains 2pq integrals since there are double the number of invariant polynomials. (In particular in the polynomials in 5.8 we can replace 2k by k.) Observe that this projection method in our setting provides a somewhat more direct method for obtaining all the integrals than the permutations invoked by Thimm, that the integrals are quite explicit, and give rise to explicit equations in the double double bracket form. Of course their existence may be deduced from the muliplicity free argument mentioned above.
Example: Observe also that for the particular case of S n (RP n ) discussed above we obtain the standard integrals for the geodesic ow as discussed in Thimm 1981 ], but quite directly:
In this case the integrals are Theorem 5.4 The geodesic ow on the real and complex Grassmannians with respect to the \normal" metric is completely integrable.
